ST402 Principles and Methods MT2005/2006 Exercise 2

Exercise 2

1. Find the distribution functions corresponding to the following density functions:

(i) fx(x)=1/[r(1+ 2?)] —00 < T < 00 (Cauchy)
(i) fx(@)=e*/(1+e%)? —oco<x<00 (Logistic)
(i) fx(@)=(a—-1)/Q+2)* 0<z<o0 (Pareto)

(iv)  fx(z) =cra™"te e’ O<z<oo,7>0,¢>0 (Weibull).

2. Find (without generating functions) the mean and the variance for the following distributions

e ke =1gT /(r — 1)1 2 >0
= - >0,k>0
(a) fx(z) { 0 oo "
(The Gamma Distribution)
(b)  fx(x) =eM\"/al r=0,1,2,.... A>0
(Poisson Distribution)
(c) [fx(z)=(*"2"") [%;b} L%b} 2=0,1,2,....a>0,b>0
(Negative Binomial)
(d) fX(I):ﬁ z>0,a>1
(Pareto)

3. Show that if a random variable X is normally distributed with density, f(z) = = 1% e~ (@=n)?/(207)
for —0o < z < 00, then E(X) = p and Var(X) = o2.

4. Suppose that X is a continuous random variable taking values between —oo and oo with distribution
function F(z). Sometimes we want to fold the distribution of X about the value x = a, that is
we want the distribution function Fy (y) of the random variable Y obtained from X by taking
Y=X-aif X >aandY =a— X if X < a. Find Fy(y) by working out directly P(Y < y).
What is the density function of Y7 A particularly important application is the case when X has a
N (u, 0?) distribution, and a = p. Apply your result to this case.

5. Show that if X is a continuous positive random variable

BX] = / [ — Fy()dz .
0
(Try integration by parts.)

6. If X is a continuous positive continuous variable with density function fx(z) and mean p, show

that
)0 y<0
T = { yfx(y)/n y=>0

is a density function, and hence show that

E(X?)E(X) > {E(X?)}%.
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7. A random variable has ‘no memory’ if for all z and for y > 0
PX>z+yl|X >z =P[X >yl

Show that if X has either the exponential distribution, or a geometric distribution with Prob(X =
x) = ¢® 1p, then X has no memory. Interpret this property.

8. In a simple queueing system, the time spent in the queue has the following distribution function

F(x):{o <0

1—pexp(=A1—-p)x) >0

where A > 0 and 0 < p < 1. Check that this is a distribution function, and describe the form of
the distribution in words.

9. If X is a nonnegative continuous random variable, then

F(z)=P(X > x)

is called the survival function, and
f(@)/F(x)

is called the failure rate at x.

(a) Find the failure rate for the Weibull and Pareto distributions.

(b) Show that in general the failure rate does not decrease as = increases if
F(z +y)/F(x)

does not increase as x increases, for all y > 0. (Differentiate the logarithm of the given

expression with respect to x.)
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